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THE SPATIAL STRUCTURE OF THE STRESS FIELD IN THE NEIGHBOURHOOD
OF THE CORNER POINT OF A THIN PLATE*

S.A. NAZAROV
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The bending of a plate with a rigidly clamped edge is studied. The
contour which forms the boundary of the middle cross-section has a
corner point whose aperture angle is 2x. The effects of the boundary
layers, namely of the plane layer (near the smooth part of the side
surface Sy) and the three-dimensional layer {near the characteristic
line on Sk layer are compared. When a< n, the plane boundary layer
predominates, while when a=n the three-dimensional layer predominates.
The latter consists of a linear combination of two special solutions YT
of the homogeneous problem in a wedge of unit thickness. Several terms
of the asymptotic expansion of the displacement and stress fields in a
plate are described and the residues are estimated. In case of a
re-entrant corner, the terms in the asymptotic representation of the
plate deformation energy are determined, taking into account the general
effect of the three-dimensionality. When compared with the case of a
smooth side surface, expressions appear containing the squares of the
coefficients of the singular terms of the Kirchhoff solution and factors
in expansions of the solutions ¥¥ at infinity.

1. Formulation of the problem. Let us assume that the middle cross-section Q R* of
the plate is bounded by a simple contour 8Q, smooth {class (™} everywhere except at the
corner point 0O with aperture angle 2o & (0, 2rl. We shall consider the three-dimensional
problem of the "pure" bending of a plate @, = Q X (—%k, Yoh) clamped along the side surface

BV Ve (b, 2) + (0 + M) VoV (b, 1) =0, 2 Q, (1.1)
o® (u; b, y, k) = FYop ) €9, y = (2, Ty EQ (1.2)
ufh, ) =0, & S, = 9Q X (—Y4h, Y,h) (1.3)

Here &, p are the Lame coefficients, e is the unit vector in RS, u = (i, uy ug)  is
the displacement vector, p is the transverse lcad, o® = ¢e®, o(u) is the stress tensor with
Cartesian coordinates oy (¥). We will scale the characteristic dimension of the region to
unity, in which case % will be a small positive dimensionless parameter representing the
relative thickness of the plate.

Next we shall determine the first few terms of the asymptotic representation as h-—0
of the solution u{h, ) of problem {1.1)-(1.3).

2. Preliminary data. We know that the principal term of the asymptotic approximation
to the solution of the problem of the bending of a plate is the function e W,k (Q),
satisfying the problem

DAA® (y) = p (), ¥y =9 ©° (y) = (00%dn) (y) =0, (2.1)
y e o
Dy =Y (p +3 2p + 07

in which D, represents the reduced(h = {)cylindrical rigidity of the plate, 4, is the Laplace
operator and n is the outer normal. More accurately, the deflection u® is used to re-establish
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the three-dimensional displacement vector
w0 (h, 2) = kB (ky K7'Z3s Ay) w° (y) + RWP (y, h7'zs) (2.2)
while the differential operator E = (8, E,, E;) and vector W?® have the form
By by 2, V) w=w + Y9 (1 — v (2% — Yu)) A, By (b, 7, Vyyw = (2-3)
hz (h* Vg (1 — v) (2 — v) 22 + Y, (v — 6))] A, — 1) dw/dy,

Wit (g, 2) = l4p (1 — IV, B — v9) (22 — 1/12) — (1 — %) (z* — 1/80)}p
Wiy, 2) =0, k=1,2, v=>»5r[2({u + 1

The stresses calculated in terms of the displacements (2.2) are:

o5’ = —12D,h7 %z, [v8; (A, - (1 — v)0%ay;0y,] wP (2.4)
055" = 6D 7Y (2,7R7% — V) A% dy; (§, k =1, 2)
G33° = Yyxsh™ (3 — 4307 p (2.5)
6. % is the Kronecker delta). The following estimate which follows from the asymptotically

exact Korn inequality, substantiates the principal term of the asymptotic expression

1@+ R) 2 (g — ) |+ @+ B)2 (g — w0 |+ 11 (d + B)L Y, (g ug?) 1 (2.6)
RNV (g — ) 1| A1 @ A 7Y 9 (g — 1,0)/0g | +
(@ -+ k)™ 0 () — w00 [| + b [ 0 () —Be Il +
1 + 2) (070 (4) — 0391+ B 035 (0) — 052 1| < ch™2 | 5 Ly ()

Here |l:|l is the norm in L,(Q.), d () is the distance between the point y and the
boundary 9Q. We stress that for the last two terms the estimate (2.6) provides very little
information, and does not justify the asymptotic form of the stresses ama(m =1, 2, 3)
separated in (2.5). 1In other words, without additional assumptions concerning the differential
properties of p and w, we cannot obtain the stresses Oms from the approximate formulas
(2.5), and we must put oby = 0.

If the contour dQ were smooth, then /1-5/ the solution of problem (1.1)-{1.3) could be
expanded in the asymptotic series

k)~ 3 W8 (& (b oy, ) () + 2.7)

R (y, k7)) + x (y) 2 hE-%07 (h7in, iy, 5)
q=2

in which w' are solutions of problems of the form (2.1) with certain right-hand sides z—
W?(y, 2) is the vector function with zero average value over 2z & (—Y,;, Y,) for all yEQ, %
is a smooth truncated function equal to unity near 4Q and equal to zero outside the
neighbourhood of the contour 9Q where the local coordinates n (normal) and s (tangential)
are defined and 1? are solutions of the problem of the deformation of a half-strip with a
clamped end (boundary layer-type terms) vanishing exponentially at infinity.

The second terms of the asymptotic form (for a smooth contour) were calculated in /6/.
It was found that ®* =v'=0, and w' is a solution of the problem

At (y) =0, y=Q; w'(y) =0, (w'/on) (y) =c(v) A (), y &2, (2.8)

where ¢ (v) is a quantity depending on Poisson's ratio v only, and positive for ve& (0, Y,)
(the graph of the function v~ ¢(v) 1is shown in Fig.2 of /6/). The solution v® of the
boundary layer-type is specified as follows:

vz ("]1» Na, S) = (X'n (Thv T‘z)v X3 (Tllv ’ﬂz). 0) Avwo (S, 0) (2.9)

The vector X represents the solution of the problem of the plane deformation of the half-~
strip II = (0, +o0) X (—Y,, ¥,) vanishing at infinity; there are no mass forces, the sides are
stress~free and X, = —c (V) Ny X3 = Yv (1 ~ vy 1 (N2 — Yy3) — b (v) at the end (N:m; =0, IMmlI<
1.}, b (v) is a certain quantity (see Sect.3 of /6/ for more details). If we now take into
account the named terms w!, v® and denote the expressions analogous to (2.2) and (2.4),
(2.5) by u' and Oms', respectively, then the inequality (2.6) will remain valid after
replacing the superscript O by 1 and the right-hand side by ¢, (|l pll +1IV,pl) (in this case
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the estimate of the difference 0g3 (1) — 03" becomes meaningful) .
In the case when a corner point lies on the boundary of the region, the relation wt =
Wot (@) \ W, (%) is possible by virtue of the singular nature of the solution at the corner
tip. But in this case the expression o¢; from (2.5) will not belong to L,(Q)) and this

is absurd. As usual, in such situations an additional boundary layer appears near the rib

=0 X {(—Yh, ¥Yh) at the side surface of the plate. This phenomenon is discussed in

Sects.4 and 5, ardd the next section will deal with the formulation of the necessary results
concerning the behaviour of solutions of plane problems (2.1) and (2.8) near the tip of the
corner.

3. A corner point. We shall assume, for simplicity, that the load near the point 0 is
zero. The power solutions of the Dirichlet problem for the biharmonic equation within the

A .
angle Ko = {y:r >0, |8|<<a} have the form +¥, (6), where r, ® are polar coordinates and
Ay are the roots of the equation

A sin 2a <4 sin 2Aa =0 3.1)

(the roots A_=-4+1 for a=s= Yy, aq, n and A:r =0 are excluded from our discussion; here
dg E (Ya7, ¥4n) is a solution of the equation tg2a = 2¢). The distribution of the roots of
Egs.(2.1) in the complex plane relative to the quantity a is known (see /17/ et al). If
o & (0, Yyn), then we have no roots within the strip Y (I)={AeC: [Rek |< 1} If on the other
hand o e (Y,n, nl, then T (1) contains a pair of real roots -+A,{(®) and another pair
+A_(x). is added to them when &€& lay,nl. In what follows, we shall denote by T (l) the
largest strip containing only the roots of Eq.(3.1) named above.

The angular parts V¥, are given by the equations

Y, (A, 0)=C, () {cos [{A 4 1) al cos [(A — 1) 8] — cos [(A — (3.2)
1) @] cos [(A 4+ 1) 6]}
W_(A, 8) = C_(A) Iqm (A + 1) ol sin (A —1)0] —

1 L s1n 1

) sin [(A —1) a] sin [ A+1) 9]}

The explicit form of the normalizing factors C+ (A) will not be used (except in the case
of o =n which will be discussed at the end of this section). We shall use only the follow-
ing fact /8/: by virtue of the choice of the factors mentioned above the functions Ui (y) =

MAEOY, (Ay (@), @and Zy (y) = 2@, (A, (@), ) can be normalized in the following
manner:

¢ w, .
e Zydp="0 S {Ui 7r_A,,z_,t —ZEAZ, + (3.3)
—a

9z,
or

v a . LY.

{a bar denotes complex conjugation, and its presence is not essential for real Ax (&) or,
in particular, when o & (¥,m, nl). We stress that the left-hand side of identity (3.3) is
independent of § > 0.

If the angle « ig small, then the solution w® will belong to W, (Q). When

=~ ~ = N
. " . ng € o \se) when & o (Uy
Yym) , inclusion w’ & Wy3 () will hold and the following representation will hold for a &
(Yym, x) 2

W = SN U (y L0 1oy . . n a2
hadBY- V4 ;l = =AY A} Vil L (J.‘i)
where we have assumed that c_ = 0 for ac (Yyn, dg). In the case a & (Y, nl we have a non-
trivial solution &, & W,'(R) of the homogeneous problem (2.1), with the asymptotic
representation
L () = Zx (y) + O (*2+e@), 10 (3.5)

The same solution (.  will fall into W, (Q) if o« & (ay, nl. The following formulas /8/
hold by virtue of the normalization of (3.3):

c =§ Py s (y)dy (3.68)

For a convex angle K. the solution @' of problem (3.8) is contained within the
space Wg’_(Q). If on the other hand the angle is re-entrant (i.e. o >1,1), problem (2.8)
will certainly have no solution belonging to W,*(RQ) whene¢, 0. In a wider class W;'(RQ)
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we have no theorem of uniqueness and the solution has to be obtained from the asymptotic
representation

wi(y) = § exWa (y) + O {P3she®),  r 0 (5.7)

Here Wiy (y) = rAi‘“)(Di (89) is the solution of the problem within the angle Ko«

A1/2VV:I: (y) =0, y&= Ko (38)
Wi (9) = 0, (dW4/0n) (y) = ¢ (V) {,U4 (), y € 0K, \ 0

According to the general results /9/ the solution (3.7} of problem {2.8) exists and is
unigue, and the model problem {3.8) has a solution of the form shown only if the number
At (@) —1 does not coincide with one of the roots of Eq.(3.1). The latter demand is satisfied
Therefore, the corner
point with aperture angle 2n (a crack in the plate with clamped edges) needs additional dis-
cussion.

When o = n, the special solutions Uy and Z

e
snec on o+ 3

faor o= (1 = ) and i1e yiglatad wahan o = ainecs As () o M/
PR Tz {7Vgd, Yy, @il 15 valiaicu wieh W == 0, mAale fige \JL) = Vg

5

will have the form

p

U, (@) = A=, (8), U_{y) = —A4rp_(8), 4 = {Zp)‘lVi (3.9)
Z, () = 3Briy, (6), Z.(5) = —Briwy_(8), B =i (i—v) VI
Py (6) = cos 1,8 +Ys cos 4,8,y (B) = sin 1,8 + sin ¥,0

{see e.g. /10, 7/, and compare with (3.2) and (3.3)). We can confirm directly that the
following functions are sclutions of the model problems (3.8): W, =0 and

W_(y) = nle (v) Ar'/s [p_(8) Inr 4- B (c0s '/, 8 ~ cos %/, 8)] - Agrap_(6) (3.10)

Ay = —(hmp)le MV'Z

We note that solution (3.10) was obtained apart from the linear combination A.Z_ + B.Z,.
the coefficient B, was made equal to zero in order to preserve the property that the function
is 04d in the variable 0, and the coefficient A, wad chosen from the condition (U_, W_)s =
—8c (v} A®In 8 (this relation was used in deriving formula (6.4)). Thus by virtue of /9/,
after changing the form of the function W_ (a linear dependence on Inr), all that was said
about the solution w! in the case of « & (—VY,n, n), also remains true for « = m.

4. Boundary layer near the rib . We introduce near the point O the "rapid" variables
q={N M Ms) =k and write formally h=0. As a result, the plate @; will be trans-
formed into a sector of the layer K, X {(—Y,, Y. According to the method of matched
asymptotic expansions we should construct the solutions Y% of the homogeneous problem of
the theory of elasticity in the "wedge" Ko X (—Y3 Y5), with the following asymptotic
representation at infinity:

YE () = €Oy () + 0 =), p> oo

, , . 2' (4.1)
o =y meh o= {0 | = O + %)
The solutions named above transform the elastic energy functional into infinity. From
/11/ it follows that these solutions exist and are unique, and formula (4.1) admits of the
following refinement:

YEm) = B (1,5, 8/00) (U (0) + W () + 7% (00 ¥) Ze (W)} + “2)
+ % B — ) X () AUt (0} oo -+
%0 (8 4+ ) X (1) AU () fomee + O (p"')

Before explaining the notation adopted in (4.2), we stress that the algorithm for
constructing the expansions (4.2) is in fact the same as in the case of a thin plate. The
fact is, that the form of the expansion of the solution of the elliptic problem in the region
Q is governed by the form of the set Mg cut out by the sphere {n: [nl= R} from Q. w®hen
R-» 0o, the set Mp should be interpreted as a thin region whose length is of the order of
O (R) and whose width is of the order of O {1).
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The first group of terms in (4.2) is completely analogous to the terms of the first
series of (2.7). The operator E is given by formula (2.3), Us, Wi and Z; are functions
described in Sect.3 and ki (@, v) is a quantity depending only on the aperture angle a of K,
and Poisson's ratio Vv (in all probability ki (¢, v) can only be calculated using a digital
computer) .

The second group of terms in (4.2) represents the boundary layer-type solution: & =
(4, sina — nycos &, N3) are Cartesian coordinates in the planes parallel to the On; axis
and perpendicular to the side edges of the wedge, X is the solution of the problem in the
half-strip Il appearing in (2.9) and vanishing exponentially at infinity, ¥, is a smooth,
even truncated function and %, () =1 near the point ¢=0.

We shall deal separately with the problem of estimating the residue which includes terms
of order O (M%) and @ (/1 2+®') (smooth type solutions following the functions Uy, Wy
and Z;, respectively), smaller terms of the boundary layer, and solutions of the form

Erl"’i‘l’i corresponding to the other roots A: of Eq.(3.1) (here Re Ay > Re At (a)>0).
Thus the indices ¥+ (@) are subject to the conditions

yg (@) > max {Ag (@) — 1, 1 — I} (4.3)

If o (Y, nl {or a & la,, nl), then the first expression on the right-hand side
of (4.2) will determine the principal term of the asymptotic form of the displacement field
Y* or Y"), and the solutions of boundary layer-type are O (rAi(“H) and can be neglected.
However, after a single differentiation, the last solutions will retain their order and will
therefore be included in the principal part of the asymptotic expression (as @ — o) of the
stress and deformation fields. In the case when a0, Yyu) (or a& (0, ay) \ {¥u}), the
term containing Z, (or Z.) can be eliminated from the expansion (4.2). Since Re A (a) > 1,
it follows that since the value of the residue increases, the presence of the function Zj
vanishing at infinity does not provide any information about the asymptotic form of the
solution. It is clear that this term will be restored in the expansion after the minor terms
have been taken into account. (The characteristics assigned to the quantities in (4.2) are
identical with the further results of Sects.5 and 6, referring to the effect of the corner
point on the stress-deformation state of the plate). Finally, we note that when the quantity
Ay (a)—2 or Aif(a)—1 is identical with the root of Eq.{3.1), then an additional
logarithmic multiplier may appear in the expression p'z® (compare with (3.10)), which
shall not show, which will increase the value of the exponent 7+ (®) by a small, positive
amount (if there is no Inp, then formula (4.3) will have the equality sign).

5. Matching solutions of different types. The effect of the three-dimensional nature
of the stress-deformation state near the rib ® (C S, will be reduced to the fact that the
solution u(ky z) of problem (1.1)-(1.3) will be generally represented, in a small neighbour-
hood of ®, by the sum
Y (hy 2) = ¢, A2V (W712) - c_hA-0-2Y - (B71z) (5.1)

The coefficients c¢i: are taken from the expansion (3.4) of the solution of the plane
Kirchhoff problem (2.1). The presence in {5.1) of small multiplying factors A+ ghows
that the degree of influence of the three-dimensional boundary layer can vary, depending on
the magnitude of the angle «. For example, when a & (0,Y,n) the two-term asymptotic ex-
pressions (j=0, 1 and g¢=2 in (2.7)) constructed in /6/ can be corrected by terms of the
same series (2.7) for j=2, g =3, and the three-dimensional nature emerges in even lower
terms.

In order to confirm what was said before and to clarify the degree of influence exerted
by the boundary layer (5.1) in the case of a & (Y,n, nl, we must determine the global
asymptotic approximation to the solution of initial problem. With this in mind, we shall
employ a version of the method of matched asymptotic expansions (see /12, 13/ etc.).

We denote by V°(, 2) the sum of terms on the right-hand side of (2.7) with the indices
j =01 and ¢=2. Let us first have @ & (¥, ) (we recall that formally it is assumed
that c. =0 in (3.4) for a & (Y,n, a,)). Comparing relations (3.4), (3.7) and (2.9) with
expansions (4.2) (the third term in curly brackets was transferred to the residue) we find,
that within the intermediate zone r~h%, the quantities V°(k, z) and Y (h, z) will, on
the whole, be identical. The difference will be detected only in the lower terms of the
expansions. By taking into account in (4.2) terms containing Z4, we are obliged to bring
into the representation smooth-type solutions which have the following expressions serving
as asymptotic representations as r—0:

Wlexh W ey (@, v) Zy (171y) = A e, by (o, v) 24 (9) (5.2)

We recall the comments accompanying Eq.(3.5) indicating the solutions i & W,!(Q) of
the homogeneous problem (2.1), and put
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V(o) = V°(h,7) + p! gh“i‘“"”ciki (@ ¥) B (hy k324, V) Ly () (5.3)

Now, by virtue of (3.5), V and Y will be matched using the last terms from within the
braces in {4.2).

Let us now choose the global asymptotic approximation U. Since the solutions at the
corner tip are singular, it follows that we must change the field (5.3) containing the terms
Evf, But, B0y and In the function #* of the plane boundary layer-type given by the
formula (2.9), we replace Aup® by the difference

A () — Yo () ?cidul?i () (5.4

The subtrahend removes the singularitiesof the solution «* isolated in (3.4), and
their effect is transferred to the function (5.1) of three-dimensional boundary layer-type.
Note also that, in order to make the expansions {5.3) and (5.1) compatible, we must make the
choice of the cut % in (2.7) more precise; near the point y=0 the equality ¥ (¥ = % (© —
@) + 4o 8 + ) must be observed (compare with (4.2)).

The expression Euw® is determined in accordance with (2.3} and contains texms  Ajwe,
where  Np(Vy) are differential operators of orders E=0,...,3 If k<2 we replace

Nyw® and Ee® by Nk"’“—XOZ"iNkU:t analogous to {5.4). If on the other hand k=3, we
replace Ny® by

(1 — o (h7r)) {Nk (V)00 (4} — xa (F) § ey N (VYU m} (5.5)

In other words, just as before for ), some of the singular components of the field Euw®
will refer to the three-~dimensional boundary layer. Moreover, the difference W= up

X(,Xcivi belongs to W2 (), but may not necessarily fall within W;*(Q). In the latter case

we cannot have the inclusion N,w°e W' (Qy) which is necessary, but this can be corrected by
multiplying by the cut-off which is zero for small &'r. We will treat the solutions »' and
{, in the same manner. By virtue of (3.7) and {(3.5) the functions W' =w'—y >, W, and

Ei=1.— 12,  are contained within  W,?(Q), therefore we can prescribe for the expressions
Nywt, Nxly a replacement of the type (5.4) for #=0,1 and of the type {5.5) for k=23

Let us denote by V (,z) the right-hand side of Eg.(5.3) in which the above transformation
has been carried out, and by Y (h,2) the sum (5.1) multiplied by the truncation % (), and
let us write U= V4 Y, This defines the global approximation to the solution of problem (1.1)-
{1.3). We stress that the complex construction given here is needed only for the strict
formulation of the estimate of the residue. Use of different expansions for different zones
is asymptotically justified. Outside the small neighbourhood @ of the rib the approximation
{5.3) is appropriate, and within this neighbourhood we use (5.1).

If we now substitute, as in /6, 14, 15/, the function U obtained earlier into the Egs.
{1.1)-(1.3), calculate and estimate the resulting discrepancy, and use the Korn inequality,
we obtain the following relation:

B + By ® (s — Ugh o B2 (A B)2 Gy — U [+ 1@+ T, (s — Us ) 68
AP, (s — U |+ R + B0 (us— Us)/aral 4 (4 -+ 019 (u; — Uphfomsl -
K]0y (2 — U) ] + (@ -+ B) Mg (w — U)o (u — OV

Y LA T ER L A7 NP N

in which 6<e¢ 1is arbitrary. The weighting factors are included in the norm of the function
p in order to ensure /9/ the validity of expansions (3.4) and (3.7). Estimates of the
residues in the expansions should also be rewritten in terms of the Sobolev weight classes

/9/. We will ignore this fact in order to simplify the presentation. Besides, the {non~-
obligatory) assumption concerning the load p given at the beginning of Sect.3, exhausts all
questions.

In the case when a=1n (a crack) the asymptotic form is modified slightly by virtue of
the presence of lnp=Inr—Inz in the function W_(y) (see (3.10)). The form of the initial
formula (5.3) will be changed thus:

¥ ih, 2y = VO (h, 2) + 2 {oyky (0, V) B (B h702a, V) 6y () 5.7y
b (V) e (N (L — v In Bl E (b, B0, V) L)
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All subsequent transformations will remain the same, but the factor &t from the right
of (5.6} will now be written as A (due to the appearance of logarithms; see Sect.4).

[2o £ima=1ly Aacuss tha case ool l.n) when the construction of the asymntotic
We will finally discuss the case o=@, Ym), when the construction of the asymptotlic

form is simplified due to the possibility of transforming the boundary layer terms to the
residue. If the solutions »* and ' are found, respectively, in the spaces W, @) and
¥2(2) (the angle « is small), then the stresses calculated in terms of the functions w»®
and ' using the formulas (2.4), {2.5) {see Sect.5 of /6/) will belong to I3{(@s) This means
that the quantity (5.3) itself can be used as the asymptotic approximation and the inequality
(5.6) will hold when U= V. If, on the other hand, u* lies in W2(@ (when e<=(@0 Yn),
this is always true) but not in Wit (@), then taking into account in (5.3) the contribution
of the solution !, we must multiply by truncation 1— % (%) the terms of expansion of
the function Na' emerging from the class W,!' (Qs) (compare with (5.5)). The resulting
error here is of the order of o (k7).

6. Discussion. 1If the side surface S» is smooth, the effect of the plane boundary
layer away from the edge of the plate will be reduced mainly to replacing the Kirchhoff
solution hs®w® by the sum &% 4 & %', and the error of the next power will have the form
rlwt.  From Hg.(5.3) it follows that an additional contribution of the corner point of the
contour 8@ 1is made by the following approximation to the bending of the plate:

hoow® - kool 4 pt f‘;" RO e ky (@ v) by (6.1)

when a & (0, ¥,n), the inequality Re Aiz{a)>1 holds, i.e. the third expression in
{6.1) is weaker than the quantity A% In the case of « ¢ (Y%, n} (a re-entrant angle)
at least one of the indices 2A.{(ax) —3 is smaller than —1, and this means that the

nerturbation caused by the corner point ie stronger than bt Hawauvar  tha +arm Bl
perturbation caused by the corner point 1is stronger than 1w, However, the term A%,

constructed in /6/, serves, as before, as the main correction. Finally, in case of a crack
we add to the sum (6.1), in accordance with (5.7), the term ¥z;c_c (W)u (1 — v)I"'¢{ k21lnh, which
in fact represents the main perturbation of the Kirchhoff solution #A73uw°.

Let us find the first term of the asymptotic expression for the potential energy of the
deformation of the plate

Uy (u) = En(u)— Ay = — Yo dy = — 7/, §§p @) usth, y +Y,h) dy {6.2)

Here E,(u) is the elastic energy functional and 4, is the work done by external forces.
Substituting into (6.2) the approximation obtained for the solution of problem {1.1)-(1.3)

and recalling the estimate (5.6) we conclude that the following relation holds for a & (Y,n,
)

Un(w) = =35> §p (0 & ot + B Dy (a,9) L) dy + 0 ()

lmimer Do 9 13 2:nd 12 O and integrating them by parts LI O & T Y- SO DR S Y ol ad
USINg BgS.1c.1) &G 14.0;7 aliQ ifiegrating wiaem O pares in @ anQ appiying the reiations
(3.6}, we obtain the following asymptotic formula:

I ot e o 1 BB 5100 1 1/ 2=8 /v T2 & 1A 0y te
(&) 72 TE W) 1+ Y (V) Dy ) (A (y) R ds, — (6.3)
m

1/2“-12 hmi(“)”ak:t (@ ) cig +0 (hz)
*

Here E; (0% is the elastic energy of deformation of the Kirchhoff plate.

According to what was said before, when a & (0, Y,n), the sum over -+ vanishes from
the asymptotic expression. If on the other hand a=gn, then by virtue of {(3.4), (3.9) the
integral along the contour 42 will be divergent and relation (6.3) will need correcting.
Let us carry out the corresponding calculations {they repeat, Daslca.uy, the derivation /8/
of Egs.(3.6)). Letusput Q@) ={y=Q:r>0} and T (f) = {y=a:r>8}, where >0,
Remembering the special normalization of the corner part of (3.10) mentioned at the end of
Sect.3, we find, using Green's formula, that

. Sw? Aut ] 1
Hm S (wm 1__"’_[3 0+_W_Auw1__wo_\v"_’”_)dsv=
80 on an

R
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]62]01 {(w“, ulys—c(v) P(SO) [ Ay () [F ds,,} =

—e(v)Lim {erms+ §am@p ds,} = —c(v) L (w)
T{8)

Since by virtue of (3.4) and (3.9) [A(y) |? = 4! (de_sin ¥/30)* - O (r%), it follows
that the limit L (w') exists. This means that, taking into account the term in (5.7) which is
additional compared with (5.3), we obtain

Ui (w) = — Y3h By (0°) — eu™h2 In ke (v) (1 — v) 2 2 (6.4)
172 [ (v) DhL (w) — Wt ks (1 V) ex?] + 0 (k)

We stress that in order to find all terms of the asymptotic formula (6.3) or (6.4) which
sharpens the classical formulas, we only need information concerning the solution w' of
problem (2.1), and the values of three quantities c¢{v) and ky (@, v) characterizing the
boundary layers. Just as in Sect.8 of /6/, we can obtain similar expressions for the eigen-
frequencies of flexural oscillations of the plate.

We note, finally, that the method of matched asymptotic expansions (/12/ et al) enables
us to construct a complete asymptotic series for solving problem (1.1)-(1.3) in the case of
a load p smooth on Q. Unlike series (2.7), this series contains terms of the three-dimen-
sional boundary layer-type. Moreover, the power indices h are not integers and represent
linear combinations (with integer coefficients) of the roots of Eq.(3.1).
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